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ABSTRACT: Rail steel bridges are vulnerable to high impact forces due to the passage of trains; unfortunately the determination of these transient impact forces is not straightforward as these are affected by a large
number of parameters, including the wagon design, the wheel-rail contact and the design parameters of the
bridge deck and track, as well as the operational parameters – wheel load and speed. To determine these impact forces, a detailed rail train-track/bridge dynamic interaction model has been developed, which includes a
comprehensive train model using multi-body dynamics approach and a flexible track/bridge model using Euler–Bernoulli beam theory. Single and multi-span bridges have been modelled to examine their dynamic characteristics. From the single span bridge, the train critical speed is determined; the minimum distance of two
peak loadings is found to affect the train critical speed. The impact factor and the dynamic characteristics are
discussed.
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1 INTRODUCTION
Usage of ageing bridges is a challenging and
complex engineering problem as these bridges are
generally embedded with damage. With the ongoing
increase in train axle loads (for example, 20T in the
early seventies to 30T in recent times) and speed
(passenger trains travel at 160km/h), there is a pressing need to examine the ability of existing rail bridges to carry increasing loads at higher train speeds.
Up to now most of rail bridges have been designed
only according to static analysis. Actually, the maximum deflection of a rail bridge and the maximum
impact force on a rail bridge significantly depend on
the dynamic interaction between wheel and rail and
the dynamic characteristics of train and bridge. For
high speed or heavy trains a dynamic analysis is necessary because of the potential for resonance of the
bridge structures. However, the evaluation of the dynamic responses of rail bridges subjected to highspeed train moving loadings is complicated in nature
because the dynamic behaviours of bridges are influenced by the interactions between train and bridge
structures, and between the components of the trains
as well.
The modelling and study of train-bridge interaction dynamics are an important issue not only for the
design of the bridge but also for monitoring and

maintenance of bridges. Simulations can contribute
to the better understanding of live load components
in a bridge design code. Meanwhile, the assessments
of train and bridge stability and their components fatigue, life cycle analysis, investigations of structural
damage and degradation that contribute to maintenance issues can be conducted based on the simulation results. Therefore, a lot of new modelling and
studies on train-bridge interaction dynamics have
appeared in the recent literature. Based on the recent
published papers, the modelling of train-bridge interaction dynamics can be divided into the following
four categories:
 Moving masses on bridge structures presented by
using beam theory or moving masses on finite
element bridge models [6], [8], [9], [12] and
[16],
 Multi-body dynamic (MBD) train models on
beam bridges presented by using beam theory
[2],
 Multi-body dynamic (MBD) train models on finite element bridge models [3], [4], [5], [10],
[11], [13], [14] and [15].
 Finite element train models on finite element
bridge models [1] and [7].
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These models have been applied for many investigations and analyses. The purposes and aims of
these studies can be also divided into the following
four categories:
 New Modelling Methods: Establishment of modelling methods for the train-bridge interaction
dynamics, using modal superposition [2], [7]; the
Pseudo Excitation Method (PEM) by transforming the non-stationary random excitations of
track irregularities into deterministic time-history
excitations [10]; and new methods using finite
element methods [13]
 Modelling of Transitions: Transitions are the
change of track stiffness from the ballasted conventional track to the bridge-deck based slab or
ballasted track. Bridge dynamic behaviours, including: rail vehicle and bridge dynamic responses (displacement and forces) due to track
and bridge transitions (usually the bridge has
higher stiffness) [2]; rail vehicle and bridge dynamic responses are modelled similar to track
geometry irregularities [3], [5], [7], [11]. It is reported [3] that the vehicle accelerations and
wheel relative displacements increase significantly when the train is on the onset of crossing
the bridge. Two common indices (L/V ratio and
lateral track force) [5] are used to assess the potential for derailment of those trains passing over
the bridge at different speeds. The simulation results [11] confirm that the elastic slab mats between slab track and bridge can reduce vibration
transmitted from rails into the bridge; bridge dynamic response due to random excitation [1];
bridge dynamic (or impact) response due to train
moving [6], [8], [14] and [15]. It is indicated [6]
that adding of a ballast bed can decrease the natural frequencies of the bridge and hence can decrease the maximum displacement values, but it
strongly depends on the velocity as well as the
stiffness of the ballast bed itself.
 Spans of Bridges: The effect of the number of
spans of the continuous beam on the impact response of the continuous beams is studied [8],
and it is shown that the more the number of
spans, the smaller the impact response is for the
displacement. It is indicated [14] that the dynamic responses of the bridge is significantly amplified in the vicinity of the critical speed, which is
decided by the fundamental natural frequency of
bridge and the effective beating interval produced by the train; rail vehicle and bridge dynamic responses due to earthquakes [4], which
are considered as the input of typical seismic

waves with different propagation velocities to
the train–bridge system. The critical train speeds
are determined based on running safety criteria
during earthquakes of various intensities.
 Rail vehicle and bridge dynamic characterisation:
Based on the simulation results, it is indicated
[5] that the resonance of a bridge can occur in
both the lateral and torsional vibrations, as well
as in the vertical vibration. From the study in [9],
it is shown that the two-span continuous beam
has two critical velocities causing two resonance
responses, which depends on the first and second
natural frequency of the beam and the moving
velocity.
 Rail bridge fatigue damage: The critical locations
in a bridge span are identified with the simulated
results of the global FE stress analysis [12]. Local stress analysis is carried out to obtain the hotspot stresses, which are used to evaluate fatigue
damage and predict the remaining life of the
bridge. Principal stress histories of bridge components [16] are obtained by using a refined FE
model of the bridge under the passage of a
freight train, and are then combined with the
plain material S–N curve in order to identify the
most fatigue-critical locations.
In order to investigate the bridge dynamic behaviours and characteristics due to train moving loading,
and to determine the impact factor on a bridge more
accurately and correctly, a rail train-track/bridge dynamic interaction model, including a detailed rail
train model using the multi-body dynamics approach
and a flexible track/bridge modelling using Euler–
Bernoulli beam theory, was generated using Gensys
software in this paper. Two kinds of bridges were selected for the simulations. For the first kind of
bridge, the bridge resonance characteristic is examined, and the train critical speed is determined. One
of the important parameters – the minimum distance
between two peak loadings, which influence the
train critical speed, is identified through the simulations. The impact factor based on the vertical deflection and the dynamic factor based on the dynamic
wheel load are present and discussed.

2 FUNDAMENTAL OF BEAM BRIDGE DYNAMICS DUE TO MOVING RAIL VEHICLES

2.1 Multi-span Continuous Euler–Bernoulli Beam
Modelling

89

Special Issue: Electronic Journal of Structural Engineering 13(1) 2013

As stated in the Introduction, the most of rail
bridges can be modelled as beams using the beam
theory. Euler–Bernoulli beam theory is a simple one,
which can provide a means of calculating the loadcarrying and vertical deflection characteristics of
longitudinal beams subjecting to vertical loads only.
Another theory is called the Timoshenko beam theory that can account for shear deformation and is applicable for thick beams. A continuous multi-span
Euler–Bernoulli beam is illustrated to deduce its dynamic equation, as shown in Fig. 1, with elastically
restrained at the supports Qj(t) (j = 1, 2, …, Ns (Ns –
support number)) and subjected to a system of moving loads Pi(t) (i = 1, 2, …, Nw (Nw – wheelset number)).

for a dynamic Euler-Bernoulli beam, the EulerLagrange equation is:
(3)
If the beam internal damping is taken into consideration, Eq. (3) is changed into:
(4)
Where is the viscous damping coefficient. The
vertical deflection
can be obtained using
modal superposition as given in Eq. (5),
(5)
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Figure 1 Bridge Beam

The dynamic bridge beam equation can be obtained by Euler-Lagrange equation. The Lagrangian
can be written as:

(1)
Where
is the mass density,
is the crosssection area,
is the vertical deflection of the
beam in the Z direction at the position x,
is the
elastic modulus and is the second moment of area
of the beam's cross-section,
is the external load.
In Eq. (1), the first term represents the kinetic
energy, the second one the potential energy due to
internal forces, and the last one the potential energy
due to the external load
, which is written based
on Fig. 1 as:

where Nz(h, x) is the hth mode shape function of vertical deflection
,
is the hth mode time
coefficient of vertical deflection
. By substituting Eq. (5) into Eq. (4), we modify the partial differential Eq. (4) into ordinary differential equations
shown in Eq. (6) below:

(6)
Where
, , and
are the modal frequency,
the damping ratio and the modal mass of the hth
mode respectively, which can be expressed by complex trigonometric functions for the bridge beam
with more than 2 spans. However, for a single span,

The solution of Eq. (6) can be obtained by a mathematical expression or through any numerical integration method, and then through Eq. (5), the deflection
at any point on the beam can be obtained.
2.2 Finite Beam Element Modelling

(2)
Where Ns is the pillar support number, Qi is the ith
pillar’s reaction force,
is the Dirac delta function, Nw is the wheelset number passing the bridge,
is the wheel-rail contact force under the jth wheelset,
is the unit step function, is the arriving
time of the jth wheelset at the beam,
is the time
of the jth wheelset passing over the beam.
According to the Euler-Lagrange equation:

The multi-span continuous bridge beam, as
shown in Fig. 1, can be divided into smaller beam
elements. Such a beam element is shown in Fig. 2.
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Figure 2 Single Beam Element

Based on Fig. 2, the mass matrix and stiffness
matrix of element can be:
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From these smaller elements, the whole mass matrix and stiffness matrix of bridge beam can be assembled, and the governing equation of bridge beam
dynamics can be written as:
(7)
where , and
are the mass, damping and
stiffness matrixes, D = {w1 y1 w2 y2 … wn yn}T is
the nodal displacement vector (n is the node number), and R = {Fz1 My1 Fz2 My2 … Fzn Myn}T is the
nodal force vector . In Eq. (7), the Rayleigh damping
can be considered as:
( and are the
constants). Eq. (7) can be solved by using the modal
uncoupled method or through any numerical integration method.

3 TRAIN-TRACK-BRIDGE MODELLING
3.1 Train Modelling
A typical passenger train, as shown in Fig. 3 (a),
is selected for modelling using Gensys software
package. This train consists of two cars and each car
weight is 57 tonnes.

(a) Passenger Train

(b) Train Modelling in Gensys
Figure 3 Train and Train Modelling

Based on the limited dimension data (shown in
Fig. 3 (a)), the train model is generated using Gensys
and is shown in Fig. 3 (b). In a vehicle modelling,
one car body and two bogie frames are considered as
the rigid bodies with six degrees of freedom (DOFs)
each, while four wheelsets are also considered as the
rigid bodies with five DOFs each because its pitch
rotation DOF is fixed. A stiffness element is required to connect the car body to the ground in longitudinal direction. The descriptions of the connections between the car body and bogie frames are as
follows [17], [18]:

 At the centre of the centre bearing rim, two
stiffness elements are used to connect the car
body and the bogie frame in the lateral and
longitudinal directions.
 On the left and right frames of a bogie, four
stiffness elements and four damping elements are used to connect the car body and
bogie frames in the vertical direction, two
friction blocks with flexibility in the longitudinal direction.
 Each of two steering arms in each bogie is
modelled as a damping element in the direction specified by the coupling’s attachment
points.
The descriptions of the connections between the
bogie frame and wheelset are as follows:
 Two coil springs in vertical direction and six
damping elements in the longitudinal, lateral
and vertical directions are used to connect the
bogie frame and a wheelset.
 Three friction blocks with flexibility are used
to model the axle box friction in the longitudinal, lateral and vertical directions.
The basic parameters relating to the train modelling is given in Appendix - I.
3.2 Track & Bridge Modelling
In this paper, the rail bridge structure is only considered as a beam structure. The beam theory or finite beam element method discussed in the Section 2
is used for rail bridge modelling. The use of a beam
in Gensys is the combination of Euler–Bernoulli
beam theory and finite beam element method. The
beam is defined as an Euler–Bernoulli beam connected to many masses. Fig. 4 (a) shows the track
and two-span rail bridge modelling. It allows the
suspended masses (wheels) to vertically connect to
the beam through a stiffness value (e.g., 200 MN/m),
which can be the combination of rail pad, fastener
and ballast stiffness, as shown in Fig. 4 (b). On other
hand, it also allows the masses (beam segments) to
be longitudinally rigid attached to the beam through
bending stiffness EI. Therefore, the track and the
bridge modelling using Gensys include the three
beam modelling aspects – the rail Euler–Bernoulli
beam comprising of several beam segments vertically supported by the stiffness and damping elements
representing the combinations of stiffness and damping of rail pad, ballast and subgrade, the rail bridge
Euler–Bernoulli beam comprising of several beam
segments vertically supported by piers, and the other
rail Euler–Bernoulli beam. The pier is modelled as
the stiffness (e.g., 80e6 N/m) and damping element,
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which only vertically connects the bridge beam with
the ground.

4.1 Single Span Bridge
The track and bridge modelling is the same as
that shown in Fig. 4 except that there is no pier in
the middle span of the bridge deck. In order to determine the critical train speed, at which the bridge
has the maximum deflection within 0 ~ 400 km/h,
the following parameters are assumed and listed in
Table 1 for the bridge.

(a) Track-bridge modelling

Table 1 Basic Parameters
Second MoYoung’s Modulus
ment of Area I
E (GPa)
(m4)
200
7.2510-4

Single Span
Length L (m)

Weight
(kg/m)

6.57

1726.8

Based on the above parameters, the fundamental
natural frequency of the bridge is:
(8)
Based on Eq. (8), the critical train speed is:
(b) Rail connection to bridge

(c) Wheel-rail Profiles

Figure 4 Track-Bridge Modelling

In Fig. 4 (a), a total of 96 beam segments each
1.25m long are used for the track modelling and 11
segments each 0.657m long for the bridge modelling. The wheel and rail profiles shown in Fig. 4 (c)
are chosen for the modelling of the contact characteristics. Instead of the consideration of one or two
wheel-rail contact points, three different wheel-rail
contact points can be in contact simultaneously and
are considered in the wheel-rail modelling. Through
three spring elements normal to three wheel-rail contact points, the normal wheel-rail contact forces are
determined. The calculations of tangent creep forces
at three wheel-rail contact surfaces are made in a
lookup table calculated using Kalkar creep theory.
4 SIMULATIONS

(km/h)

(9)

Where is defined as the minimum distance of
two effective loadings.
Figs. 5 and 6 show the time histories of the vertical deflections of each bridge beam segment and the
wheel load of each wheelset at the train speeds of 80,
200, 310 and 380 km/h.

(a) At Speed of 80 km/h

In this section, two types of simulations are conducted. One is for the single span bridge in order to
investigate the rail bridge’s resonance characteristics
due to moving train, and the other is the two-span
bridge in order to compare the strain values measured on the bridge with the simulated results. In both
simulations, an integration method in Gensys,
similar to the two step Runge-Kutta method with
step size control which can make backsteps if the
tolerance is not met, is selected. The time step is set
at 0.0001s.
(b) At Speed of 200 km/h
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(c) At Speed of 310 km/h

(c) At Speed of 310 km/h

(d) At Speed of 380 km/h
(d) At Speed of 380 km/h
Figure 6 Time Histories of Wheel Loads on Each Wheelset
Figure 5 Time Histories of Vertical Deflections of Each Bridge
Beam Segments

(a) At Speed of 80 km/h

(b) At Speed of 200 km/h

In Eq. (9), the minimum distance of two effective
loadings is defined. Fig. 6 clearly shows the first,
second, third and fourth wheel impact loads from
each passenger car due to the train moving on the
bridge and due to the sudden change of beam bending stiffness and structure. The minimum distance of
wheel loads seems to be the wheelbase (the distance
between two adjacent wheelsets, e.g., 2.6m in the
train modelling), as defined as the minimum distance
of two adjacent loads [8]. However, under some circumstances, the minimum distance of two effective
loadings was defined as the length of a passenger car
[9] and [14]. It is thought that this distance is dependent upon the deflection responses of bridge
beam.
In the time histories of the vertical deflections of
each bridge beam segments shown in Fig. 5, it is
clearly shown that the vertical deflection peak response is due to the combination of two adjacent
wheelsets. This means that one bogie acts as a single
effective loading when the train is moving on the
bridge. Therefore, the minimum distance of two effective loadings can be identified as the distance between the rear bogie of a passenger car and the front
bogie of the car behind it. In the train modelling, this
distance is about 3.9552 m, so, the critical train
speed is
= 3.955210.543.6
= 300 km/h.
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In the bridge design practice, the impact factor I
is used to account for the amplification effect of the
bridge due to the passage of moving vehicles
through increase of the design forces and stresses.
The impact factor I to be used in this study is defined as:

the simulated results do not exceed the limit of 90%,
it is close to the limit when the train is running at the
critical speed of 310 km/h, e.g., 86.4%.

(10)
where Rd(x) and Rs(x) denote the maximum dynamic and static responses of the bridge respectively
at x direction caused by the moving train. Generally,
one of responses – vertical deflection is used to calculate the impact factor. The maximum static vertical deflection can be obtained using a formula –
(a) Dynamic Factor

Therefore, the impact factor based on the vertical deflection is plotted in Fig. 7.

(b) Wheel Unloading Rate (%)
Figure 8 Dynamic Wheel Load versus Train Speed
Figure 7 Impact Factor

From Fig. 7, it can be seen that the impact factor
reaches the maximum value (about 1.0) at the train
speed of 310 km/h, which is much closed to the simple calculation of 300 km/h. It can be also seen from
Fig. 5 (c) that at the speed of 310 km/h, the wave
length is about 8 m. It can be concluded that the critical train speed for this type of train and of bridge
will be 310 km/h. The dynamic factor, whose definition is the same as the impact factor, but based on
the dynamic wheel load, is also plotted and shown in
Fig. 8 (a). The corresponding wheel unloading rate,
which is defined as 1- the minimum wheel load / the
static wheel load and its unit is the percentage, is
plotted in Fig. 8 (b).
Comparing Fig. 8 (a) with Fig. 7, the dynamic
factor is much larger than the impact factor. When
the speed is at 310 km/h, the dynamic factor reaches
the maximum value, about 1.56. The purpose of
plotting the wheel unloading rate is to examine the
vertical stability of train moving on the bridge. The
Australian RISSB standard [19] requests the wheel
unloading rate to be always less than 90%. Although

4.2 Two-Span Bridge
A real two-span bridge shown in Fig. 9 was considered in order to compare the measured strain
gauge data [20] with the simulated ones. The bridge
has two layers – reinforced concrete slabs and universal beams.

(a) Bridge, looking south.

(b) Bridge, looking north.
Figure 9 a Real Two-Span Bridge
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In the report [17], the span length is the only
available parameter with 3.285 m. Hence, the rail
and the bridge modelling are almost the same as
those in the Section 4.1 except that there is a pier
supporting the bridge at the bridge middle, as shown
in Fig. 4. Some of the following parameters listed in
Table 2 are assumed.
Table 2 Basic Parameters for Bridge
Young’s
Second MoSpan
Modulus E
ment of Area I
Length L
(GPa)
(m4)
(m)
-4*
200*
9.510
3.285
*Assumed values based on trial simulations

Weight Per
Length m
(kg/m)
2400*

If the parameters in Table 2 are substituted into
Eq. (8) and Eq. (9) to calculate the train critical
speed, this speed value is much higher than allowed
train speed. During the field measurement, the speed
of train’s passing over the bridge is about 160 km/h.
Fig. 10 shows the time histories of the vertical deflections of each bridge beam segments, simulated at
the speed of 160 km/h using Gensys. It can be seen
that when the train passes over each span, it leaves
the four deflection peaks on each span due to the
four bogies.

(a) Measured Strain Values

(b) Vertical Deflection near Measurement Point
Fig. 11 Change Trend Comparison

The relationship between strain and deflection in
the beam may be expressed as:
(11)

Figure 10 Time Histories of Vertical Deflections of Each Segment

where z is the distance to the beam neutral axis.
The value of z is taken as 0.25m for the calculation.
The centered difference formulas for the five–point
stencils approximation is used to numerically solve
the Eq. (11) according to the data shown in Fig. 11
(b). The solution result is shown in Fig. 12. Comparing Fig. 12 with Fig. 11 (a), the change trend is consistent and the absolute amplitude of the peak value
is equivalent.

The installation positions of strain gauges are
close to the middle pillar about 0.5 m away. Fig. 11
(a) shows the measured beam longitudinal strain
values with filtered using 20 Hz low-pass. It can be
guessed from Fig. 11 (a) that the train is comprised
of more than three passenger cars. Fig. 11 (b) shows
the simulated vertical deflection near the measurement point. The trend of the data in these two graphs
is consistent.

Figure 12 Numerical Solution of Eq. (11)
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The simulations for the train passing the bridge at
the speed of 160 km/h are graphically shown in Fig.
13.

(a) Simulation Start

(b) Start to Pass Bridge

(c) First Bogie on Bridge

(d) Second Bogie on Bridge

(e) Last Bogie on Bridge
(f) Train Passing over Bridge

Figure 13 Train Passing Bridge in Gensys multibody software

5 CONCLUDING REMARKS
A rail train-track/bridge dynamic interaction model – including a comprehensive rail train model using multi-body dynamics approach and a flexible
track/bridge model using Euler–Bernoulli beam theory was generated using Gensys software in order to
investigate the bridge’s dynamic behaviours and
characteristics due to a train moving on it.
Two kinds of bridges were selected for the simulations. One is a single span bridge and the other is a
two-span bridge. In the first kind of bridge, the basic
parameters were so chosen so that the train critical
speed can be determined within reasonable speed
range. One of the important parameters to influence
the critical speed is the minimum distance of two effective loadings because the critical speed increases
proportionally (1:1) to the minimum distance of two
effective loadings. Generally, it was defined as the
minimum distance of two adjacent loads. For a single rail vehicle, it would be the wheelbase. However,
in this case study, the minimum distance of two effective loadings could be identified as the distance
between the rear bogie of a passenger car and the
front bogie of the car behind it. However, under
some circumstances, the minimum distance of two
effective loadings was defined as the length of a passenger car when the rear bogie of a passenger car
and the front bogie of the car behind it were made
much closed to each other.
The impact factor based on the vertical deflection
and the dynamic factor based on the dynamic wheel
load have been plotted. In the situation of the train
and bridge interaction in this paper, it is apparently
shown that the dynamic factor is much larger than
the impact factor. It is possible for the impact factor
to be larger than the dynamic factor in other situations. It is suggested that both factors are considered
in bridge design procedure and then the larger one is
used for the calculations.
For the simulation of a real bridge with two
spans, the simulated data is consistent with the
measured values.
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Appendix - I Basic parameters
Mass
Car Body
39.4
Bogie Frame
5.0
Wheelset
1.9
Suspension & Coupler Stiffness & Damping
Lateral stiffness at centre bearing rim
5e6
Longitudinal stiffness at centre bearing rim
20e6
Secondary suspension stiffness (4 per bogie) 10.7e6
Secondary suspension damper (4 per bogie) 0.2e6
Primary suspension coil Spring (8 per bo24e6,
gie) (longitudinal and lateral shear, and ver- 1.5e6,
tical stiffness)
0.73e6
2.5e3,
Primary suspension damping (8 per bogie)
1.5e3,
(longitudinal, lateral and vertical damping)
0.3e6
Coupler stiffness
0.58e6
Dimensions
Bogie wheel base
2.6
Bogie centres
16.8
Car length
24.71
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